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RIEMANNIAN Spin(7) HOLONOMY MANIFOLD CARRIES
OCTONIONIC-KA¨HLER STRUCTURE
DMITRY V. EGOROV
Abstract. We prove that Riemannian Spin(7) holonomy manifolds carry
octonionic-Ka¨hler structure.
1. Introduction
Let us give a brief definition of the octonionic-Ka¨hler structure as we understand
it. For more rigorous definition see next section.
Let (M, g) be a smooth Riemannian manifold. Suppose V is a 7-dimensional
subbundle of the vector bundle End(TM) such that a fiber of V through the point
is spanned by almost complex structures Jλ at that point.
We impose two constraints on V . First there exists a non-associative product
of almost complex structures. It corresponds to the octonionic product. Secondly,
the following formula holds:
∇gJλ = ω
µ
λJµ,
where ω ∈ g2 ⊗ Ω
1(M). The g2 algebra arises naturally, since G2 = AutR(O).
The defined bundle V over M is called an octonionic-Ka¨hler structure on mani-
fold M or we say that M is an octonionic-Ka¨hler manifold. We prove the following
theorem.
Theorem. Let M be a Riemannian 8-manifold with holonomy group contained in
Spin(7); then M is the octonionic-Ka¨hler manifold.
Remark 1. The converse statement is proved in the paper [1]. Namely, it is proved
that the holonomy group of the octonionic-Ka¨hler manifold in real dimension 8 is
contained in Spin(7).
Remark 2. Since Sp(1) ·Sp(1) = SO(4), this theorem is analogous to the fact that
any oriented Riemannian 4-manifold carries the quaternionic-Ka¨hler structure. In
fact, we can say that parallel vector cross product of rank 3 is equivalent to the
A-Ka¨hler structure, where A ∼= H,O.
2. The octonionic-Ka¨hler structure
We adopt the definition of the quaternionic-Ka¨hler manifold given in [2, Propo-
sition 14.36].
Suppose (M, g) is a smooth oriented Riemannian manifold. M is called an
octonionic-Ka¨hler manifold if there exists an open cover Ui of M and almost com-
plex structures Jλ, λ = 1, . . . , 7 on each Ui such that
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(1) there exists a non-associative ×-product of almost complex structures:
Jλ × Jµ = Jλ×µ, where λ × µ corresponds to the product of imagi-
nary unit octonions enumerated by natural numbers from 1 to 7;
(2) ∇gJλ = ω
µ
λJµ, where ω ∈ g2 ⊗ Ω
1(M);
(3) for any point p ∈ Ui ∩ Uj almost complex structures Jλ, λ = 1, . . . , 7 span
the same vector subspace of the End(TpM).
(4) metric g is Hermitian with respect to each Jλ;
3. The Spin(7)-structure
Let us briefly recall definition of the Spin(7)-structure, for details see [4]. Define
a 3-form ϕ0 on R
7 by
(1)
ϕ0 = e
0145 + e0167 + e2345 + e2367 + e0246 − e0257 − e1346 + e1357
−e0347 − e0356 − e1247 − e1256 + e0123 + e4567.
By eijk denote ei ∧ ej ∧ ek, where ei is the unit orthogonal coframe. The subgroup
of GL(8,R) preserving ϕ0 and orientation is called a Spin(7) group.
Let M be an oriented closed 8-manifold. Suppose there exists a global 4-form
ϕ such that pointwise it coincides with ϕ0; then M is called a Spin(7)-manifold or
we say that M carries the Spin(7)-structure. Since Spin(7) ⊂ SO(8), orientation
and the Riemannian metric are uniquely determined by the Spin(7)-structure. If
the Spin(7)-structure is parallel with respect to metric connection of the induced
metric, then Hol(M) ⊆ Spin(7).
Recall that the first complete Spin(7) holonomy Riemannian metrics were con-
structed in [3], the first compact in [4].
4. Cross products
In this section we follow [5]. Let (M, g) be a Riemannian manifold with Spin(7)-
structure ϕ. Suppose a multilinear alternating smooth map P : TM×TM×TM →
TM such that it is compatible with metric g:
(2) g(P (e1, e2, e3), ei) = 0, i = 1, 2, 3;
(3) |P (e1, e2, e3)|
2 = det g(ei, ej), |e|
2 = g(e, e).
Then P is called a vector cross product.
The cross product is uniquely determined by the Spin(7)-structure ϕ:
(4) ϕ(e1, e2, e3, e4) = g(P (e1, e2, e3), e4),
where g is induced by ϕ. The converse is also true. The cross product induces the
Riemannian metric and the Spin(7)-structure.
The following properties of cross product will be useful for us.
I. If cross product is parallel with respect to the metric connection, then the
holonomy group of M is a subgroup of Spin(7).
II. Suppose u and v are fixed vectors; then cross product determines almost
complex structure on the orthogonal complement to u and v by the following for-
mula:
P (u, v, w) = Jw.
III. Composition rule of cross products is described by the following lemma [6,
Lemma 4.4.3].
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Lemma. Let (M, g) be a Riemannian manifold with Spin(7)-structure ϕ and cross
product P ; then
(5)
P (a, b, P (u, v, w)) =
− g(a ∧ b, u ∧ v)w − ϕ(a, b, u, v)w + g(b, w)P (a, u, v)− g(a, w)P (b, u, v)
− g(a ∧ b, v ∧ w)u − ϕ(a, b, v, w)u + g(b, u)P (a, v, w)− g(a, u)P (b, v, w)
− g(a ∧ b, w ∧ u)v − ϕ(a, b, w, u)v + g(b, v)P (a, w, u)− g(a, v)P (b, w, u).
Here g(a ∧ b, w ∧ u) = g(a, w)g(b, u)− g(a, u)g(b, w).
5. Proof of the main theorem
Let ei be a local unit orthogonal frame such that locally Spin(7)-structure ϕ is
of the form (1).
Suppose local almost complex structures Jλ are determined by the following
formulae:
(6)
P (e0, eλ, v) = Jλv;
Jλe0 = eλ.
Hereafter Greek indices range over natural numbers from 1 to 7. We also assume
that λ, µ and ν are pairwise distinct if the contrary is not stated.
Claim 1. There exists a product of local almost complex structures denoted by ×
such that
(7) Jλ × Jµ = Jλ×µ,
where λ× µ corresponds to the product of imaginary unit octonions enumerated by
natural numbers from 1 to 7.
We split the proof into the following lemmata.
Lemma 1. For any λ and µ there exists ν:
P (e0, eλ, eµ) = Jλeµ = eν .
Proof. The proof follows from (1) and (4). 
Lemma 2. By definition, put
(8) eλ×µ = P (e0, eλ, eµ); eλ×λ = −e0; e−λ = −eλ.
Then
(9) eλ×µ = −δλµe0 + γ
ν
λµeν ,
where δ is the Kronecker delta and γ are structure constants of g2.
Proof. Cross product P of rank 3 induces cross product P (e0, ·, ·) of rank 2 on
e⊥0 . Induced product determines the G2-structure and corresponding structure
constants. 
It is well-known that (9) is the product rule of imaginary unit octonions. Using
(6),(7),(8) and (9), we define a ×-product such that it determines the octonionic
product of local almost complex structures.
The Claim 1 is proved.
4 DMITRY V. EGOROV
Remark 3. Generally, the ×-product of almost complex structures does not coincide
with their composition, because the latter is associative.
We conjecture that ×-product coincides with the product defined in [7], where
the matrix representation of octonions was constructed.
Claim 2. ∇gJν = ω
µ
νJµ, where ω ∈ g2 ⊗ Ω
1(M).
Proof. Differentiating P (eλ, eµ, v) = Jλ×µv, we have:
(10) P (∇geλ, eµ, v) + P (eλ,∇geµ, v) = (∇gJλ×µ)v;
Here we use that ∇gP = 0. There exists a matrix ρ ∈ so(8)⊗ Ω
1(M) such that:
(11) ∇gei = ρ
j
iej, i = 0, . . . , 7.
Substituting (11) in (10), we get:
P (ρkλek, eµ, v) + P (eλ, ρ
l
µel, v) = (∇gJλ×µ)v
or
ρkλJk×µ + ρ
l
µJλ×l = ∇gJλ×µ.
Last identity implies that there exists ω such that ∇gJλ×µ = ω
µ
λ×µJµ. Moreover ω
solves the system of equations:
(12) ωλ×µλ + ω
µ×λ
µ = ω
µ
λ×µ;
(13) − ωµν = ω
ν
µ.
Equations (12),(13) form the 7-dimensional representation of g2. 
Claim 3. For any point p ∈ Ui ∩ Uj almost complex structures Jλ, λ = 1, . . . , 7
span the same vector subspace of the End(TpM).
Proof. The proof follows form the fact that the definition of almost complex struc-
tures (6) is linear with respect to the local frame. 
Claim 4. The Riemannian metric g is Hermitian with respect to any of almost
complex structures Jλ determined by (6).
Proof. The proof follows from the identity
g(eλ×µ, eλ×ν) = g(eµ, eν).
In turn, this identity follows from (5) and (8). This corresponds to the existence of
division in O. 
The proof of the theorem follows from Claims 1–4.
6. The twistor theory
The vector bundle V defined in the introduction is associated to the 6-sphere
bundle S, since G2/SU(3) = S
6. The fiber of S through a point of M parametrizes
almost complex structures at that point.
The main theorem of the twistor theory states that total space of the sphere
bundle has integrable complex structure iff base manifold has restricted curvature
[8, 9, 10]. If a 6-sphere has integrable complex structure, then one can apply the
twistor theory to Spin(7)-manifolds.
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